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Recent studies have shown that curved stiffeners offer potential for structural tailoring of metallic panels.

However, the optimal placement of the stiffener curves has remained a challenge, due to both the presence ofmultiple

localminima in the design space as well as the associated CPU cost to solve the problem. This paper presents two new

approaches to design the stiffener curves by decomposition of the design space into size and shape variables. The

approaches are built on a heuristic concept of effectiveness of a stiffener configuration, which argues that the most

effective configuration will also provide the lowest optimized panel mass. The first approach estimates the best

stiffener configuration, based purely on the first buckling mode of the unstiffened panel. The approach defines a

heuristic metric for the effectiveness of a stiffener in increasing the buckling load capacity of a panel. The second

approach uses optimization methods on both the sizing and shape variable subspaces. Mass is minimized over the

sizing variable subspace, with constraint on buckling, while the buckling eigenvalue is maximized over the shape

design variable subspace by varying the stiffener curves. The results are compared with optimization over a unified

design space using a global optimization procedure, and it is shown that the proposedmethods lead to better designs

at lower CPU cost.

Nomenclature

f = function defining effectiveness metric
L = length of stiffener curve
M = effectiveness index of stiffener defined by curve

����
p = scaling factor used in metric definition, dependent

on applied stresses
pmin, pmax = minimum and maximum values of scaling factor,

respectively
w�x; y� = displacement shape of first buckling mode of

panel
� = angle of stiffener segment with respect to x axis
� = nondimensional coordinate along stiffener curve
� = applied stresses on panel boundary
�C = value of higher compressive principal stress, zero

if neither �I or �II are compressive
�I , �II = principal stresses due to applied external loads
�n̂T = normal stress on surface defined by unit vector n̂T,

calculated based on �
���� = curve defining (x, y) coordinate of stiffener along

nondimensionalized coordinate �

I. Introduction

O NGOING revolution in information management, material
science, computational science, andmanufacturing technology

has now made it possible to fabricate a new generation of mostly
custom-built structures that will have a low part count, built-in
multifunctionality, and an ability to tailor the structure according to
the design requirements. Termed unitized structures, these structures
are formed by adding or building up material, as opposed to

subtractive (i.e., taking the material away, as in machining) or
formative (casting) methods of manufacturing. For nearly three
years, under a grant from NASA Langley Research Center in
collaboration with Lockheed Martin, we have been developing a
computer environment that will help the aerospace industry
optimally design unitized structures, built using such approaches as
the electron-beam free-form fabrication (EBF3), and will make use
of the design flexibility (efficient use of geometry) and material
placement made possible by these new manufacturing technologies.

The existing software for analysis and design of stiffened panels
[1–5] uses analytical expressions or simplified discretization
schemes to decompose the analysismethodology into specific failure
modes. The failure modes include global buckling instability of the
panel with the stiffeners, local buckling of the panel in between
the stiffeners, and various modes of local buckling instability of the
stiffeners themselves. The influence of mode switching on post-
buckling behavior is also included, using simplified procedures for
both analysis and design [6]. Specialized cost-effective analytical
models are used to approximate the critical load for each of these
failure modes. PASCO [1], PANDA [2,3], and VICONOPT [5] use
gradient-based optimizers for the design of stiffened panels. The
design variables include panel thickness, stiffener dimensions
(depending on the kind of stiffener), and stiffener spacing, with user-
selectable constraints for each kind of failure mode. There are two
distinct advantages of this approach:

1) The analyses are highly cost effective, enabling evaluation of a
large number of panel/stiffener concepts in a very short period of
time.

2) Specializedmodels for each failuremode help in decomposition
of the response functions, therebymaking the optimization problems
relatively well behaved. These models, however, should be used
carefully and with good engineering judgement [7].

Another stiffened-panel design software, Hypersizer [8], uses
similar simplified analysis procedures, but it also uses an opti-
mization procedure based on permutations and combinations of both
the continuous (stiffener dimensions and spacings, panel thickness,
etc.) and discrete (stiffener concepts, etc.) variables. The inexpensive
function evaluationsmake it possible to design stiffened panels based
on such a combinatorial optimization scheme.

The readers are referred to Bedair [9] for a review of analysis
methodology of stiffened plates and shells. Bedair emphasizes the
influence of bending and torsional rigidity of the stiffeners on the
resulting failure modes of a stiffened panel. As a result, different
buckling modes become critical, as the stiffener dimensions are
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varied for the same panel geometry. Additional references on
analysis methodologies are given by Anderson and Stroud [1] and
Bushnell [2,3]. Interested readers are also referred to work on
topology optimization for stiffener placement [10,11] and design
methods for curvilinear fiber placement for composite panels
[12,13].

The present problem is that of variation of both the stiffener and
panel cross-sectional dimensions and the stiffener geometries, such
that they can follow curved paths on the panel. The analysis
methodologies used in the aforementioned design codes for stiffened
panels are specialized for straight stiffeners, and hence cannot be
used for this purpose. Instead, a finite-element-based analysis and
optimization framework are developed. The panel and the stiffeners
aremodeled using shell elements, and a buckling eigenvalue analysis
gives the critical failuremodes for the entire system, be it a global or a
local mode of the panel or the stiffeners. The readers are referred to
the paper by Gurav and Kapania [14] for details of the optimization
framework. A direct challenge resulting from this approach is that all
failuremodes come out of a single analysis; hence, it is rather difficult
to automatically decompose the limit state into individual modes as
described earlier. Understandably, mode switching can occur as the
stiffener dimensions and geometry are changed during optimization.

The problem definition here is to use high-fidelity finite element
modeling to evaluate the panel buckling, stress, and crippling
responses for a given loading and to find out the optimum stiffener
curve and dimensions for minimum panel mass. This problem
combines aspects of both shape and sizing optimization with
multiple local minima.

Previous work on unitized structures by Kapania et al. [15] dealt
with straight and curvilinear stiffeners with end points located
a priori, for which only a sizing optimization was performed. Mulani
et al. [16] developed an approach for optimal placement of stiffener
end points, where only straight stiffeners were considered. A
response surface (RS) of optimum stiffened-panel weight was
constructed for different end point locations, and optimization using
this RS gave the optimal end point locations. For two straight
stiffeners, the construction of RS required 190 simulations. Although
this algorithm could work with the global design space, with fewer
chances of getting stuck in a local minimum, it was computationally
very expensive for even a small subset of design parameters. Joshi
et al. [17] extended this approach to include the stiffener curvature as
a design variable. Despite these advances, the primary challenge of
high computational expense remained.

This paper develops a heuristic approach toward this problem by
introducing a concept of effectiveness of the stiffener configuration,
which is discussed in detail in the next section. This concept is used to

develop two new approaches for optimization where the problem is
decomposed into two parts: the first part involves calculation of the
best stiffener curve that would give the lowest mass of the panel, and
the second step involves a sizing optimization while keeping the
stiffener curve constant. The first approach develops a metric for the
effectiveness of a stiffener curve based purely on the first buckling
mode of the unstiffened panel. Using the notion of stiffener
effectiveness, the second approach identifies that, out of a set of
stiffener configurations with constant cross section, the one with the
highest panel-buckling eigenvalue is the most effective. This is then
translated into an optimization problemwhere the cross section of the
stiffeners is held constant, and the shape is varied to maximize the
buckling eigenvalue. The resulting shape is then sized to achieve
minimummass. Results are presented for optimization of panelswith
one and two stiffeners, and the latter is compared with results from
global optimization over the unified design space, with both shape
and sizing design variables.

Section II presents the formulation of the approach, followed by
results in Sec. III, and conclusions are listed in Sec. IV.

II. Formulation

A. Stiffener Effectiveness Metric

A heuristic method, called the stiffener effectiveness approach
(SEA), is developed and detailed here. The basis of this approach
comes from a fundamental understanding that the limit-buckling
load of a panel is a combination of its geometry and the loads acting
on the panel. The geometry is collectively defined by the cross-
sectional dimensions of the panel and stiffeners and the geometry of
the stiffener curves.

Fig. 1 SEA flowchart.

Fig. 2 Stiffener mapping from nondimensional one-dimensional �
space to physical space on the panel.
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The following discussion first presents a rationale behind the
concept and then proposes a formulation for the effectivenessmetric.

The primary purpose of a stiffener is to increase the buckling load
of a panel. For an unstiffened panel, the most critical mode to be
prevented is the first buckling mode, which is different for each
loading and boundary condition on the panel. Hence, there is some
information in the buckling mode that can perhaps be used to find an
optimal location of the stiffener. In the formulation presented next,
the first buckling mode is used as the displacement field w�x; y�,
which is defined over the entire domain of the panel and is obtained
from a linearized buckling eigenvalue analysis.

In this paper, the effectiveness of a stiffener is treated as a
measurable quantity, such that a stiffener configuration with a higher
value of the effectiveness metric will have a higher panel-buckling
load. As a corollary, a stiffener configuration with a higher
effectiveness metric will result in a lower structural mass when sized
with buckling constraints. The following discussion identifies a few
important parameters that influence the effectiveness of a stiffener
configuration, and then it proposes an expression to quantify an
effectiveness metric [Eq. (2)]. It is argued that the effectiveness
metric depends on both the location and orientation of stiffeners on
the panel.

For instance, consider a square, simply supported panel under
biaxial compression that is known to have a critical buckling mode
defined by a half-sine wave. Consider two stiffener curves: the first
curve is defined to run close to the boundary of the panel, and the
second curve is defined to be along one of the panel diagonals. Let the
effectiveness metric be defined as the integration of displacement
squared along the stiffener per unit length [defined later in Eq. (9)].
This will have a small value for the first stiffener curve, hence a small
effectiveness. Similarly, integration of displacement squared per unit
length along the second stiffener will return a much higher value,
hence a higher effectiveness. It is intuitive that if the two stiffeners
have the same cross-sectional dimensions, then the second
configuration will have a higher buckling load than the first. Hence,
the metric can be related to the effectiveness of a stiffener in
increasing the buckling load, and it is dependent on the absolute
value of the transverse displacement component of the buckling
mode.

As a second example, consider a simply supported circular plate of
radiusRunder radial compression. Thefirst bucklingmode for such a

Fig. 3 Panel dimensions and sign convention for positive loads and

stiffener orientation angle.

Fig. 4 Scaling factor for different load cases.
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plate is axisymmetric, with a circumferential nodal line at the plate
boundary. Consider two stiffener curves: first, as a circle of some
radius centered at r� 0, and second, as a diametric stiffener cutting
across the modal contour lines. Using the transverse displacement
component of the first buckling mode as the displacement field, the
effectiveness metric is defined as integration of the displacement
gradient squared per unit length along the two stiffener curves
[defined later in Eq. (10)]. The value of this metric will be zero for the
first curve and a finite value for the second. Hence, the metric of the
second stiffener is higher than that of the first curve, and this is
consistent with studies that have indicated that a diametrically
stiffened circular plate has a higher buckling load than a ring-
stiffened circular plate for the same stiffener dimensions [18,19].
Wang and Wang [18] assumed the stiffener to be rigid by applying a
simply supported boundary condition at the location of the ring
stiffener, and they were able to show an increment of buckling
eigenvalue from 4.2 to about 5.3 for a simply supported plate
(�� 0:3 in Fig. 1). Barik [19] (table 5.6, pp. 207) studied the case of a
diametrically stiffened plate and was able to show that the buckling
capacity increased from 4.2 to 13.19 with the increasing stiffener
rigidity ratio.

This suggests that if stiffeners are placed right along the contours
of the critical buckling mode shape of the panel, they will provide
little gain in load capacity of the panel. In fact, the stiffeners will be
most effective if they run normal to these contours or, in other words,
along the gradient of the panel modal contours.

A third, and important, consideration is that of the direction of
principal compressive stress, which defines the favorable direction of
stiffener path (i.e., a stiffener placed along this directionwould have a
higher effectiveness).

Taking these three points into consideration, a stiffener effec-
tiveness metric is proposed in Eq. (2). The ability to quantify the
effectiveness allows the use of an optimization algorithm to find the
most effective curve, and a procedure is proposed in Fig. 1. The
stiffener shape parametrization and calculation of metric values are
discussed here, and the procedure for stiffener placement based on
these metrics is elaborated in Sec. II.B.

As shown in Fig. 1, the stiffener shape is represented as a curve
with three control points: A, B, andC. Control points A andC always
lie on the panel edges (Fig. 2), and their locations are defined by one
parameter each, measured along the perimeter on the panel (see
Fig. 3). Location of the third control point, C, is defined using its x

Fig. 5 Plot of inverse of stiffener effectiveness metrics with respect to stiffener orientation: load case 1 (pure shear).
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and y coordinates. Hence, a total of four design variables are needed
to control the shape of the stiffener curve. Let ���� be the stiffener
curve based on these control points and defined along the
nondimensional coordinate � of the stiffener. Hence, the function
����maps each � point of the curve to a unique (x, y) location within
the panel boundaries. This is shown in Fig. 2:

� ��� � �x���î� �y���ĵ (1)

where �x��� and �y��� are functions describing the x and y
coordinates of the stiffener curve.

It is assumed that the stiffener is made from a homogenous
material. Let the length of stiffener curve ���� be denoted as L and
the panel displacement field be w�x; y�. Then, the metric
M�w�x; y�;����� is defined as

M�w�x; y�;����� �
Z
L

0

f�w�x; y�;����� ds

�
Z

1

0

f�w�x; y�;����� ds
d�

d� (2)

where ds is the length of an element of the stiffener curve d�, and the
function f�w�x; y�;����� can be appropriately chosen to define the
dependence of the metric on the displacement field [Eqs. (9) and
(10)]. The stiffener curve element is written as

d���� �
�
d�x���
d�

î�
d�y���
d�

ĵ

�
d� (3)

d s�
����������������������������
d���� � d����

p
�

����������������������������������������������������
d�x���
d�

�
2

�
�
d�y���
d�

�
2

s
d� (4)

Fig. 6 Plot of inverse of stiffener effectiveness metrics with respect to stiffener orientation: load case 2 (Ny=Nxy � 1:0).
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and, L is the length of the stiffener curve that is measured by the
following integral along the length of the stiffener curve:

L�
Z

1

0

ds

d�
d��

Z
1

0

����������������������������������������������������
d�x���
d�

�
2

�
�
d�y���
d�

�
2

s
d� (5)

ThemetricM is ameasure of howwell a given stiffener, defined by
the curve ����, performs for the given load case. Hence, with an
appropriate definition of this metric, an optimization problem can be
defined such that the metric M is to be maximized by varying the
geometric curve ���� using its control points A, B, and C. The
present work uses a third-order B-spline representation with three
control points and a knot vector of f0; 0; 0; 1; 1; 1g. The knot vectors
are used to calculate the parametric B-spline shape functions Ni;3���
corresponding to the ith control point [20] (i� 1 for point A, i� 2
for point B, and i� 3 for point C). With the definition of the shape
functions and the known control point locations Xi, the stiffener
curve is defined as

� ��� � N1;3X1 � N2;3X2 � N3;3X2 (6)

Let n̂T be a tangential unit vector to the stiffener curve at location �
along the curve (see Fig. 2), such that

n̂ T �
d����
ds

(7)

Let the displacement measured along the stiffener length be
represented as ~w������, such that

~w������ � w��x���; �y���� (8)

The problem then depends on the appropriate definition of the
function ff ~w������;����g. Two different functions are studied here:

f�1�f ~w������;����g � p��; n̂T�
~w2������
L

(9)

Fig. 7 Plot of inverse of stiffener effectiveness metrics with respect to stiffener orientation: load case 3 (Ny=Nxy � 4:35).
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f�2�f ~w������;����g � p��; n̂T�
fr ~w������ � n̂Tg2

L
(10)

The scaling factor p��; n̂T� is defined based on the orientation of
the stiffener curve and the direction of maximum compressive
principal stress. This is taken into account through the definition of a
reference stress �C, which depends on the magnitude of the principal
stresses �I and �II:

�C �
�
min��I; �II� if �I < 0 or �II < 0

0 if �I; �II > 0
(11)

In situations where the panel loading does not produce a compressive
stress in any direction, a stiffener placement would not be influenced
by buckling considerations, and all directions are weighted equally
by a factorpmin [Eq. (12)]. Similarly, when the stiffener segment is in
the direction where the normal stress component is tensile in nature,

the factor is assumed to be pmin [Eq. (13)]. In all other cases, the
magnitude of compressive stress along the stiffener segment
orientation is used to calculate the scaling factor [Eq. (14)]. Thus, this
weighting scheme results in creating a preference for the direction of
compression, and it is summarized as

p��; n̂T� � pmin; �C � 0 (12)

p��; n̂T� � pmin; �n̂T > 0 (13)

Fig. 8 Plot of inverse of stiffener effectiveness metrics with respect to stiffener orientation: load case 4 (Ny=Nxy �1).

Table 1 Material properties

Property Value

Young’s modulus, GPa 73.085
Poisson’s ratio 0.33
Maximum yield stress, MPa 468.84
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p��; n̂T� � pmin � pmax

j�n̂T j
j�Cj

; �C; �n̂T < 0 (14)

where pmin and pmax are assumed to be 0.5 and 1.0, respectively, in
this work, and �n̂T is calculated from the plane stress transformation
relations:

�n̂T � �xcos2��� � �ysin2��� � �xy sin�2�� (15)

for the applied loads �x, �y, and �xy. As shown in Fig. 2, the angle � is
defined as that created by the stiffener segment unit vector with the x
axis. Plots of the scaling factor for different load cases, shown in
Fig. 4, are discussed in the next section.

B. Stiffener Placement

1. Placement Based on Effectiveness Metric: One Stiffener

It is important to note that the metric defined in the previous
section is based on a single stiffener curve.

For a single stiffener, the goal is to find a curve with the highest
value of the metric. This can be defined as an optimization problem
for a given loading condition:

maxM�w�x; y�;���; X�� (16)

whereX are the design variables for the control point locations of the
stiffeners (shown as double-sided arrows in Fig. 1). The overall
approach to optimization is shown in Fig. 1. Once the critical
buckling mode shape is obtained for an unstiffened panel (upper
right-hand figure), the optimization problem is used to maximize the
effectiveness index, M, on this displacement field w�x; y�. The
present work uses finite differencing to calculate the gradient of the
metric function. The stiffener curve obtained from this procedure can
then be used for sizing optimization to calculate the minimum mass
of the stiffened panel subject to constraints on the buckling
eigenvalue, von Mises stress, and stiffener crippling stress.

2. Placement Based on Effectiveness Metric: Two Stiffeners

For placement of two stiffeners, the procedure described in
Sec. II.B.1 gives a single stiffener curve, which is used as a basis to

Table 2 Design variables used in optimizationa

Name Used in SEA Used in
PSO-straight

Used in
PSO-curved

Used in combined
PSO-unified

Lower bound Upper bound

Stiffener 1: beginning point No Step 1 Step 1 Yes 0.01 0.9144
Stiffener 1: end point No Step 1 Step 1 Yes 0.01 0.9144
Stiffener 2: beginning point No Step 1 Step 1 Yes 0.9144 1.8188
Stiffener 2: end point No Step 1 Step 1 Yes 0.9144 1.8188
Stiffener 1: angle, � No No Step 1 Yes 	20 20
Stiffener 2: angle, � No No Step 1 Yes 	20 20
Stiffener 1: height, m Yes Step 2 Step 2 Yes 0.01 0.05
Stiffener 2: height, m Yes Step 2 Step 2 Yes 0.01 0.05
Stiffener 1: thickness, m Yes Step 2 Step 2 Yes 0.001 0.05
Stiffener 2: thickness, m Yes Step 2 Step 2 Yes 0.001 0.05
Panel thickness, m Yes Step 2 Step 2 Yes 0.001 0.05

aSame bounds used for all cases. Beginning and end points are measured clockwise along the perimeter of the panel, starting from the lower left
corner.

Table 3 Optimum mass obtained using the two approachesa

SEA PSO-straight PSO-curved PSO-unified

Load case Nxy, kN=m Ny, kN=m Ny=Nxy Mass, kg Time, min. Mass, kg Time, min. Mass, kg Time, min. Mass, kg Time, min.

1 0.0 	1313:45 	1 2.995 10 2.884 106 2.904 88 3.373 213
2 106.126 	462:333 	4:36 2.012 17 1.976 90 1.972 88 2.295 97
3 96.319 	376:521 	3:91 2.013 5 1.872 75 1.832 88 2.328 122
4 201.395 	227:664 	1:13 1.861 14 1.760 46 1.707 88 1.970 132
5 711.53 0.0 0.0 1.824 15 1.914 93 2.151 88 2.194 649

aComputations performed on computer with dual four-core 3.0 GHz Intel Xeon processors (eight cores) and 20 GB RAM.

Table 4 Design variables values for load case 1

Stiff. No./Name SEA PSO-straight PSO-curved PSO-unified

1/beginning point 0.62992 0.7639 0.64980 0.0100
1/end point 1.69672 1.5636 1.6873 0.9405
2/beginning point 0.78232 0.6489 0.7853 0.6724
2/end point 1.54432 1.6784 1.5504 1.5846
1/angle, � 0.0 0.0 2.01 6.37
2/angle, � 0.0 0.0 	3:7 0.77
1/height, m 0.0373 0.05 0.0408 0.0310
2/height, m 0.0400 0.0448 0.408 0.0500
1/thickness, m 0.0046 0.00194 0.0033 0.0018
2/thickness, m 0.0038 0.00185 0.0033 0.0029

Panel values

Mass, kg 2.995 2.884 2.904 3.373
Thickness, m 0.0044 0.0046 0.0043 0.0053

Constraints

Buckling 1.0147 0.9993 1.003 1.001
von Mises stress 0.6459 0.6340 0.651 0.603
Crippling 0.5993 0.9630 0.995 0.753

Table 5 Design variable values for load case 2

Stiff. No./Name SEA PSO-straight PSO-curved PSO-unified

1/beginning point 0.6196 0.6301 0.6495 0.6456
1/end point 1.64592 1.6695 1.6937 1.5242
2/beginning point 0.7415 0.7578 0.7778 0.8988
2/end point 1.524 1.5457 1.5632 1.7342
1/angle, � 0.0 0.0 0.72 0.78
2/angle, � 0.0 0.0 	1:01 	19:94
1/height, m 0.0405 0.0489 0.0386 0.0414
2/height, m 0.0395 0.04116 0.0386 0.0239
1/thickness, m 0.0012 0.001 0.0013 0.0028
2/thickness, m 0.0013 0.001 0.0013 0.0014

Panel values

Mass, kg 2.012 1.976 1.972 2.284
Thickness, m 0.0032 0.0032 0.0032 0.0036

Constraints

Buckling 0.9930 0.9998 1.002 0.999
von Mises Stress 0.3326 0.3361 0.337 0.321
Crippling 0.5833 0.7921 0.988 0.315
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create multiple curves. This base curve is copied and placed at two
locations, such that themidline of the panel is divided into three equal
portions. This stiffener shape is held constant for massminimization,
subject to constraints on buckling eigenvalue, von Mises stress, and
stiffener crippling stress. This approach uses a gradient-based
optimizer for mass minimization, and the approach is termed as SEA
in the results presented in Sec. III.B.

3. Two-Step Particle Swarm Optimization Approach

Optimization is used on the two decomposed shape and sizing
variable subspaces. The most effective stiffener curves are obtained
in the shape variable subspace by solving a bound unconstrained
optimization problem for maximization of the buckling eigenvalue.
Only the stiffener curve shape variables are allowed to change, while
the stiffener and panel cross sections are held constant. Upon
convergence, the curve is held constant, and the cross-sectional
dimensions are sized for minimum mass subject to constraints on
buckling eigenvalue, von Mises stress, and stiffener crippling stress.
A particle swarm optimization (PSO) [21] algorithm is used for these
results.

This approach is used to obtain two sets of results: one where the
stiffeners are kept straight, and the other where they are allowed to
have a curvature. The former is called PSO-straight, the latter is
called PSO-curved.

III. Results

Two sets of results are presented in this section. As mentioned
earlier, a stiffener configuration with highmetric value is expected to
result in a lower optimized panel mass. With this perspective, the
performance of the two metric definitions is compared for a panel
with one stiffener under four different load cases. These results are
presented in Sec. III.A. The next set of results, presented in Sec. III.B,
compares minimum mass designs from four different optimization
approaches. All optimizations for mass minimization have
constraints on buckling eigenvalue, von Mises stress, and crippling
stress for the stiffeners.

All panel analyses, with or without stiffeners, are performed with
NASTRAN using CTRIA3 shell finite element. The stiffened-panel
geometry and mesh are regenerated for each design point analysis
during optimization. The details of this approach can be found in the
paper by Gurav and Kapania [14].

A. Simply Supported Rectangular Panel: Single Stiffener

A simply supported rectangular panel of size 0:4064 
 0:5080 m
(Fig. 3) and material properties listed in Table 1 is studied under four
different load cases: 1) pure shear, Ny � 0 and Nxy � 462 kN=m;
2) equal shear and compression, Ny �	462 kN=m and Nxy�
462 kN=m; 3) combined shear and compression with dominant
compression, Ny � 2009:7 kN=m and Nxy � 462 kN=m; and
4) uniaxial compression, Ny � 2009:7 kN=m and Ny � 0 kN=m.

For the results presented in this section, the stiffener is kept
straight, and itsmidpoint is constrained to lie at the center of the panel
(see Fig. 3). The metrics are studied for different orientations of the
stiffener. The scaling factor [Eqs. (12–14)] are plotted for each load
case in Fig. 4. These plots for each load case show that, for angles
where the component of stress is positive, the value is limited to pmin

(chosen as 0.5 here); otherwise, it is calculated based on the stress
component along �. For pure shear (load case 1, Fig. 4a), the two
principal stresses are tensile and compressive in nature along �45
and 	45�, respectively. For a pure compressive load (load case 4,
Fig. 4d), no value of � has a tensile component; hence, the scaling
factor varies as the principal stresswith different stiffener orientation.
As expected, the scaling factor at any angle � is equal to the value at
�� 180�.

The purpose of this study is to identify whether the effectiveness
metric value calculated based on the first buckling mode shape can
mimic the variation of minimum mass for different stiffener
orientations.

The first two buckling mode shapes of the unstiffened panel for
each load case are shown in Figs. 5a, 6a, 7a, and 8a, respectively. It is
important to note that the buckling mode shapes are of primary
interest here, and the buckling load factors of the unstiffened panel do
not contribute to the analysis. Hence, these mode shapes can be
generated using an arbitrary thickness for the panel. The scaling
factor and mode shapes are together used to calculate the metric
function values for stiffener curves.

Table 6 Design variables values for load case 3

Stiff. No./Name SEA PSO-straight PSO-curved PSO-unified

1/beginning point 0.62992 0.7498 0.7763 0.1711
1/end point 1.66624 1.5191 1.5563 1.7081
2/beginning point 0.75184 0.6457 0.6425 0.6917
2/end point 1.54432 1.6817 1.6899 1.5888
1/angle, � 0.0 0.0 0.87 	13:86
2/angle, � 0.0 0.0 0.32 0.45
1/height, m 0.0231 0.05 0.0391 0.0100
2/height, m 0.0251 0.0399 0.0391 0.0500
1/thickness, m 0.0051 0.001 0.0011 0.0050
2/thickness, m 0.0046 0.001 0.0011 0.0010

Panel values

Mass, kg 2.013 1.872 1.832 2.328
Thickness, m 0.0029 0.00302 0.0029 0.0039

Constraints

Buckling 1.0070 1.003 1.001 1.003
von Mises stress 0.3326 0.2943 0.298 0.258
Crippling 0.5833 0.7093 0.989 0.589

Table 7 Design variables values for load case 4

Stiff. No./Name SEA PSO-straight PSO-curved PSO-unified

1/beginning point 0.61976 0.7607 1.2178 0.5960
1/end point 1.66624 1.5084 0.1577 1.5325
2/beginning point 0.75184 0.5946 1.0728 0.7832
2/end point 1.53416 1.6723 0.3035 1.8148
1/angle, � 0.0 0.0 0.7 	1:00
2/angle, � 0.0 0.0 	0:2 20.00
1/height, m 0.0299 0.0491 0.0451 0.0426
2/height, m 0.0284 0.0478 0.0451 0.0454
1/thickness, m 0.0022 0.001 0.001 0.0013
2/thickness, m 0.0025 0.001 0.001 0.0010

Panel values

Mass, kg 1.861 1.760 1.707 1.970
Thickness, m 0.0029 0.0028 0.0027 0.0031

Constraints

Buckling 1.026 0.9992 1.003 1.002
von Mises stress 0.3258 0.3236 0.329 0.295
Crippling 0.2021 0.5196 0.999 0.777

Table 8 Design variables values for load case 5

Stiff. No./Name SEA PSO-straight PSO-curved PSO-unified

1/beginning point 0.3230 0.6761 0.4572 0.4686
1/end point 1.5058 1.2880 1.5735 1.1630
2/beginning point 0.5914 0.3627 0.6607 0.3682
2/end point 1.2374 1.5527 1.3716 1.5002
1/angle, � 0.0 0.0 1.83 0.36
2/angle, � 0.0 0.0 	1:36 	1:24
1/height, m 0.0408 0.0393 0.0316 0.0412
2/height, m 0.0274 0.0387 0.0316 0.0309
1/thickness, m 0.0012 0.001 0.0026 0.0014
2/thickness, m 0.0019 0.001 0.0026 0.0021

Panel values

Mass, kg 1.824 1.914 2.151 2.194
Thickness, m 0.0029 0.00314 0.0033 0.0035

Constraints

Buckling 1.006 0.9976 1.001 1.001
von Mises stress 0.6813 0.633 0.9926 0.991
Crippling 0.8356 0.962 1.002 0.992
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Fig. 9 Comparison of optimum stiffener configurations for load case 1 (Tables 3 and 4.

Fig. 10 Comparison of optimum stiffener configurations for load case 2 (Tables 3 and 5.
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Asmentioned earlier, the value of the metric is expected to give an
idea of how effective a stiffener is in suppressing the buckling
instability. Hence, a stiffener with a higher value of metric should
result in a lower value of optimized mass or, in other words, the
inverse of the metric is expected to have a similar variation as
the optimum panel mass. This entirely depends on the quality of the
metric definition.

For pure shear load case 1, the inverse of the twometrics is plotted
against the stiffener orientation in Figs. 5b and 5c. The positive
convention for stiffener orientation is shown in Fig. 3. The stiffener is
kept straight, and the configurations for a few selected sets of
orientations are shown on the top of each plot. Figure 5d is a plot of
the optimized mass of the stiffened panel with respect to the stiffener
orientation �. This is obtained by holding the stiffener configuration
fixed at the respective orientation and using an optimizer to find the
stiffener and panel cross-sectional dimensions and the corresponding
minimum mass. The buckling constraint is active for each
configuration; hence, Fig. 5d is analogous to the curves presented in
Figs. 5b and 5c. This plot is used as a reference for judging the quality
of the two metrics.

A few observations are of interest here. First, it is seen fromFig. 5d
that the point of maximum mass corresponds to �� 45�, which is
correctly predicted by Fig. 5c. Additionally, the orientation for
minimum mass is at �� 22:5 and �� 112:5�, which are closely
approximated by Figs. 5b and 5c.

Similarly, for load case 2, with equal shear and compressive load
magnitudes, the inverse of metrics are plotted in Figs. 6b and 6c, and
the variation of optimized mass with stiffener orientation is shown in
Fig. 6d. A comparison of the plots shows that, although the
qualitative variation of the metric plots is similar to that of the mass
variation, the locations ofmaximumandminimummass predicted by
the metrics are in slight disagreement. The two metrics predict the
minimum mass to occur at around 100�, while the corresponding
point in Fig. 6d occurs at around 93�.

For load case 3, which has a dominant compressive loading as
compared with the shear loading, the corresponding plots are shown
in Fig. 7. The inverse of the twometrics is plotted against � in Figs. 7b
and 7c. These predict the orientation for minimummass to be around
95�, and the corresponding point from mass minimization is seen to
occur in Fig. 7d at approximately 87�.

Finally, for load case 4 with a panel under uniaxial compression,
the predicted locations of minimummass from the metrics are at 90�

(Figs. 8b and 8c), which is in agreement with that shown in Fig. 8d.
For maximum mass, the predicted orientation of 0� also agrees with
that seen in the variation of mass obtained from optimization.

These results suggest that a properly defined metric can be helpful
in quick calculation of the best stiffener configuration for lowest
mass of the panel subject to buckling loads. Both themetrics are seen
to closely capture the stiffener orientations for maximum and
minimum stiffened-panel mass subject to buckling constraints.

Fig. 11 Comparison of optimum stiffener configurations for load case 3 (Tables 3 and 6.
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B. Simply Supported Rectangular Panel: Two Stiffeners

This section presents results for minimum mass optimization of a
panel with two stiffeners. The material properties are listed in
Table 1, and the design variables are listed in Table 2. Four different
optimization approaches are studied:

1) As described in Sec. II.B.2, the SEA is used to find the stiffener
curves. The effectiveness metric given in Eq. (10) is used in this
study. This configuration is sized for minimummass using gradient-
based optimization. This approach works with only five design
variables in the sizing optimization step. The optimization process in
the SEAworkswith four designvariables, which include the stiffener
start and end points and the control point coordinates (points A, B,
and C in Fig. 1), thereby allowing the stiffener to be curved.

2) The PSO-straight approach is a two-step optimization
approach, described in Sec. II.B.3. The stiffener curves are kept
straight, which reduce the number of design variables in the first step
(shape optimization) to four, and reduce them to five in the second
step (sizing optimization).

3) The PSO-curved approach is similar to the previous strategy,
except the stiffeners are allowed to be curved.

4) The PSO-unified approach is the result of another set of results
obtained using combined PSO and gradient-based optimization,
where the optimum from PSO is used as a starting point for a
gradient-based algorithm. This approachworks with all 11 variables,
with a total of 22 particles in PSO.

The load cases studied are listed in Table 3 along with the
minimum mass and CPU time for each approach. The computations
are performed on a computer with dual four-core 3.00 GHz Intel
Xeon processors with 20 GB of RAM. Parallel processing is used for
all cases, with eight simultaneous analyses. DAKOTA [22] is used
for gradient-based optimization, while VisualDoc [23] is used for the
results involving the PSO algorithm. The analyses are performed
using EBF3PanelOpt [14]. The readers are referred to the paper by
Gurav and Kapania [14] for a detailed description of the design
variables.

The results in Table 3 show that the stiffener configurations
obtained using the PSO-straight and PSO-curved approaches are
very comparable to each other, except for load case 5. The exact CPU
time for the PSO-curved approach was not available, but it was
approximated based on the total number function evaluations and the
time needed per evaluation. In most cases, this time is slightly higher
than that for PSO-straight but significantly lower than the PSO-
unified approach. This is typical of PSO, which needs far more
function evaluations, as the dimensionality and design domain are
increased. Additionally, the mass obtained from PSO-straight and
PSO-curved are lower in comparison with the other two approaches
(except load case 5). It is important to note that, although the mass
obtained from SEA is slightly higher by 2 to 7%, the results take far
less CPU time than the PSO-based approaches. This gives a strong
validity to the effectiveness metric proposed in this paper.

Fig. 12 Comparison of optimum stiffener configurations for load case 4 (Tables 3 and 7.
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The optimum designvariable values for each load case are listed in
Tables 4–8, and the stiffener configurations from each approach are
shown in Figs. 9–13. It should be noted that SEA allows the base
stiffener curve to have a curvature, but the optimization procedure
returns a straight stiffener. This is compared with the results obtained
from PSO-curved approach.

For load case 1, the design variables are listed in Table 4, and the
four stiffener configurations are shown in Fig. 9. Thefigures show the
stiffened-panel geometry, with markers defining the panel loads that
are uniformly distributed on the boundary. The SEA results in
straight stiffeners oriented parallel to the longer edge of the panel
(Fig. 9a), which is a similar orientation to the result obtained from
PSO-straight (Fig. 9b). The stiffeners in PSO-straight are closer to
each other than what is assumed for SEA, and they result in 3.8%
lowermass. The configuration fromPSO-curved (Fig. 9c) has curved
stiffeners but practically the same mass as the PSO-straight design.
This suggests that multiple designs with straight/curved stiffener
designs exist with the same panel mass. The PSO-unified design,
shown in Fig. 9d, is far from optimum and shows the challenge in
obtaining reasonably converged designs using global optimizers in a
unified design space.

The designs for load case 2, shown in Fig. 10 and listed in Table 5,
show a similar trend. SEA results in straight stiffeners (Fig. 10a) that
have a similar orientation to the PSO-straight design (Fig. 10b),
which has a design lighter by only 1.8%. The PSO-curved (Fig. 10c)
design has slightly curved stiffeners with a different orientation than

the former two designs, but the mass is practically the same as that of
PSO-straight. As for load case 1, this suggests the existence of
multiple stiffener configurations with a very similar panel mass. The
PSO-unified design is again far from optimum, highlighting the
challenge of using global optimizers on a unified design space.

Load case 3 designs, shown in Fig. 11 and listed in Table 6, show
that the PSO-straight and PSO-curved approaches result in designs
that are very similar in mass but are lighter than the SEA design by
about 7.3%. Although PSO-curved allows for curvature in the
stiffener geometry, the optimization procedure returns a straight
stiffener. The stiffener in the PSO-straight design has a different
orientation than the other designs but a very similar mass to the PSO-
curved. This again suggests that the design space has multiple
designs with very similar panel mass. The PSO-unified design shows
poor convergence.

Load case 4 results, in Fig. 12 (listed in Table 7), show similar
trends, as in the previous load cases. It is important to note that the
PSO-curved approach results in straight stiffeners, and the design is
very similar to the PSO-straight configuration. These are lighter than
the SEA design by 5.7%.

The load case 5 designs, in Fig. 13 and Table 8, show that the
stiffeners from all four approaches are oriented in similar directions.
However, the SEA design is the lightest of all approaches.

The poor optimizer convergence in PSO-unified is not well
understood. The same optimizer convergence criteria is used as in the
other cases. The maximum number of iterations is limited to 500,

Fig. 13 Comparison of optimum stiffener configurations for load case 5 (Tables 3 and 8.
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while the relative convergence of objective function is limited to
seven consecutive iterations. It appears that increasing the number of
particles and the relative objective convergence iterations could have
led to a better convergence behavior in this expanded design domain,
but this would have come at a higher computational expense.
Although the use of RSs could reduce this CPU expense, this would
also be true for other PSO-based approaches.

IV. Conclusions

Design of stiffened panels with buckling constraints is a highly
nonconvex optimization problem with multiple local minima. This
makes the use of gradient-based optimizers very difficult, unless the
starting point is in the vicinity of the optimum. Although global
optimization algorithms can be used at a higher computational cost,
our experience suggests that the highly nonconvex nature of the
design space poses a challenge to their convergence.

This paper presents two new approaches toward optimal
placement of stiffeners for minimum mass design of a stiffened
panel. These are built on the heuristic concept of stiffener effec-
tiveness, which argues that the most effective stiffener configuration
leads to a panel with minimum mass. The problem then requires a
way to find themost effective stiffener curve, and two approaches are
proposed in this paper.

The first approach, called the SEA, proposes an effectiveness
metric that uses the first buckling mode of the unstiffened panel and
the applied loading. Two different metrics are proposed and studied,
using a simple one-stiffener case under four different loading
conditions. The results show that the metrics are able to closely
predict the stiffener orientations of the maximum and the minimum
panel mass. Although the metric is limited to one stiffener curve, a
method is proposed to extend this to design two stiffeners. This is
used to design stiffened panels with two stiffeners, and the results are
compared with other approaches. It is seen that in significantly less
CPU time, this method is able to design panels that are only 2–8%
heavier than the other methods.

The second approach proposed in this paper decomposes the
design variable space into two subspaces: one created by the sizing
variables and the other with the shape variables. Separate opti-
mization problems are solved in each subspace. The method is used
to design two stiffened panels for five load cases: one where the
stiffeners are kept straight, and the other where they are allowed to
have a curvature. For three out of five load cases, the stiffeners
obtained from the latter approach have close to zero curvature. The
remaining two load cases have curved stiffeners. However, both
methods design panels for which themasses are practically the same.
This suggests that the design space has multiple designs with
different stiffener configurations but very similar mass values.

Compared with optimization, results over a unified design space
show that the proposed methods are able to design lighter panels in
far less CPU time. It is, however, noted that in their present form, the
methods are limited to design panels for a single load case.
Additionally, the SEA assumes a uniformly applied load on the
edges. These limitations can be overcome by modifications to the
approach. For the two-step design approaches based on PSO, these
limitations can be overcome by simply creating the stiffened-panel
finite element model with a nonuniform load applied on the
boundary.
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